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The appearance of resonant-particle effects in the linear dynamics of electron waves in a plasma
whose electrons are trapped in a potential trough is discussed and conditions for the characteristic
times involved are derived. For the special case of a parabolic potential trough it is shown that,
within a limited time interval, a strong resonant effect may occur, due to the interaction of a wave
with all particles, which is not contained in the solutions given so far.

The conditions for the appearance of resonant-
particle effects in the linear dynamics of plasma
waves, leading to Landau damping and micro-
instability, have been studied in detail for homo-
geneous systems ' ~%. Much less attention has been
paid, however, to the case of nonuniform plasmas,
where in general a numerical approach has been
adopted 5~7. The appearance of poles in the ex-
pression for the perturbed particle distribution func-
tion has been noted by HARKER &, the physical con-
ditions under which the associated resonant-particle
effects occur have, however, not been discussed.

It is the scope of this paper to display these con-
ditions for a simple, but typical case, using an ap-
proach which has been previously applied for in-
vestigating the limiting case of waves in a homo-
geneous plasma bounded by electrodes8. We con-
sider longitudinal electron waves in a one-dimensio-
nal plasma immersed in a nonuniform static electric
field E,(z), associated with a potential @ (x) which
falls off monotonically on either side of a point, say,
z=0 (see Fig. 1).

The linearized Vlasov equation
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where f, and f; are, respectively, the unperturbed

and perturbed electron distribution function, E; the
electric field perturbation, and e and m the electron
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Fig. 1. Electron of energy —e @ (z,), trapped within the po-
tential P (z).

charge and mass, can be solved in the case at hand
by introducing, instead of the position z and the
velocity v of the particles,

e

v=2_°¢
=*2>—; (.’L‘),

T= fdx/v

as independent variables % 9. We explicitly consider
a single mode of the form

E (z,t) = A(x) e ot

and

(3)

For simplicity, we assume furthermore that in a li-
mited range of electron energies m U (to be identi-
fied later with the “resonant” domain) the initial
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condition

fl(Us‘[at=0)=0’ (4')

holds 1%. By this assumption only effects are elimi-
nated that depend on the detailed structure of the
initial perturbation in velocity space and that, as a
consequence, are macroscopically irreproducible.

Noting that fy=f,(U) and that f,(U,7,t) is
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periodic in 7 with a period
T=T(U)= § (dz/v) (5)

where the integration runs over a closed particle
orbit, one obtains, integrating by a standard method
and expanding singular functions of ®, in principal
parts connected with the singularities,

[0 =& B[40, 7) o(U,7) exp{ —i wg (147} dF
m dU
y ) (6)
=
-+oo
B (_1)k__ " ” 5 2kan » T, —iwg(t-t+t -T2
—k=2wiT7[wo—(2kﬂ/T)]h {A(U,t)v(U,r)[l—expl(wo——T )(t—r—f—t — 2)] e iw(t /2)

+AWU, —7) v(U, —7") [1 —expt (wo—%f

The dynamics of the modes, that is the value of
w, is determined by relations containing integrals
of the form

1= [dUf,(U,7,1) g(U). (7)
If one uses, e. g., the Maxwell equation
OFE,/dt=4ne [vf dv, (8)

one needs / with g=1. Usually (see, e. g., Ref. 9),
in these integrals only the terms proportional to
e i are retained, replacing

[l —expi(wo— 2—};,3) (t—rit'?%)] by 1.

In fact, deforming the contour of the integration

T

J— _(=DET@Y i(dmw
E= 12 k@T/dU)y-1, | m

+ AUy, —7) v(Uy,—7 ) exp{ —i wo(t—1—7 +T(Up)/2)}}dr.

The physical content of this result can be better
seen, however, using the complete expression (6).
It is important to notice that the second term of this
expression, as written above, has no poles. For
|Im w,(t—7+ 7" FT/2)| < 1, it has, however, a re-
sonant behaviour, if

[(ﬁo——;—("v%)(z_zir'x%w>‘ <a (11)

10 The general solution of Eq. (1) with E; considered given
and f, (U, 7, t=0) nonvanishing is obtained from the solu-
tion deduced here by adding a term which describes the
evolution of the initial distribution by free streaming of the
particles and formally satisfies Eq. (1) with E; = 0; it de-
pends, hence, only on the initial condition, but not on E; .

k”) (t—‘l‘—‘t,-i-%)] .e-iw.,(t—r—r’+T/2)} d‘t'}.

over U into a Landau-like path, defined by
Im[1/T(U)] <0,

the integral over “free-streaming” terms, proportio-
nal to exp{ —i(2kn/T)t} tends to O for large
times. Then the second term of Eq. (6) has poles
for U =U, such that

2kn -
TU) ~ %

k+0, (9)

describing resonant wave-particle interactions. Their
effect can be associated with the contribution of the
correspondig pole to the integral I, which, for
|Im @, | small, is readily calculated to be

-
U )U=U09(U0)f{A(Uo,T,) v(Uy,7) exp{ —iwy(t—7+7 —T(U,)/2)}
0

(10)

where 8, = Re w,. Relation (11) contains the de-
finition of the energy interval of electrons which in-
teract resonantly with the wave of frequency w,.
Since 7 and v’ have maximum values of the order
of T(U), relation (11) implies essentially
|Bo—2k=/T(U)|t<m, (11"
if ¢ > T. The resonant interval shrinks, hence, with
increasing ¢ (cf. 8). For ¢ large enough that T (U)
can be replaced by its linear approximation around
U=U,, one obtains for the width of the resonant
interval explicitly
T*(Uy) —1

AU:W ‘'z

AT/ o —os | (12)
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Supposing

AU<LU (13)

where U is the typical scale of variation in U of
f1U,%,t) g(U) (wy—2ka/T), i.e., in simple
cases, a quantity of the order of the thermal energy,
and expanding

exp{i(wy—2kn/T) (t—1E£7 FT/2)}

to first order in the exponent, the contribution of
the range (11) to the integral I, connected with the
k-th term of the sum in Eq. (6), can readily be
estimated. The result coincides with Eq. (10). This
shows that resonant particle effects are due to par-
ticles within the interval (12) and appear for

1> T(Uy), T2(Uy)/|2kUET/AV)v=r,|. (14)

The latter condition implies that ¢ must be larger
than the period of the motion of the resonant par-
ticles and such that the number of resonant particles
has become small compared to the total particle
number.

A special case appears when the potential D (z)
is parabolic, because then the period T of the par-
ticle motion is independent of U so that Eqs. (10)
and (12), as well as the second part of Eq. (14)
make no longer sense. From the usual treatment
one would infer (cf., e.g., ) that resonant effects
cannot occur as long as

Bo+2kn|T,
because then no poles are present in the integrand
of 1. On the other hand, for f,=2 ka/T a “super-
resonance’’ of the wave with all particles would ap-

pear. This latter case has no practical meaning, how-
ever, because there is no eigenvalue of this kind % 6.
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Hence, it has been concluded that resonant effects
do not exist in the case of a parabolic potential
D ().

The above treatment, using the complete expres-
sion (6), shows, however, that strong resonant ef-
fects may occur also for ) + 2 ka/T. Conditions (11)
and (11’), respectively, are now to be considered
as defining an upper limit for the time during which
the strong resonance of all particles with the wave
persists. Their appearance, for given f,, is, hence,
subject to the condition

T <1< g z (15)

—2kaT|"
During this time, I turns out to be proportional
to ¢, showing that the “super-resonance” induces a
damping or growth which is faster than exponential.
Only for times larger than those allowed for by
relation (15) the wave dynamics tends, on the
average, to the one described by the solutions ob-
tained by WEIBEL ® and HARKER ©. It is to be noted,
however, that for these times the wave dynamics,
in general, will be subject to a beating effect be-
tween the wave frequency B, and the k-th harmonic
of the particle frequency 2 /T for which

|BeT—2ka| <=

is satisfied, as evident from Eq. (6). The strength
of this beating effect is dependant on the choice of
the initial condition f;(U,7,t=0). The case expli-
citly considered by Weibel and Harker is the one
where the initial condition is chosen such that the
beating effect vanishes. For long times, however,
also nonlinear effects tend to be important.



